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Abstract
In this work we investigate some features of the fermionic sector of the supersymmetric version
of the baby Skyrme model. We find that, in the background of BPS compact baby Skyrmions,
fermionic zero modes are confined to the defect core. Further, we show that, while three super-
symmetric (SUSY) generators are broken in the defect core, SUSY is completely restored outside.
We study also the effect of a D-term deformation of the model. Such a deformation allows for the
existence of fermionic zero modes and broken SUSY outside the compact defect.
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I. INTRODUCTION
The Skyrme model, originally proposed by T. M. Skyrme [1, 2], is a nonlinear field theory
in four dimensional Minkowski space. It is one of the most well-known proposals for the
study of the low energy nonperturbative QCD. Its physical degrees of freedom are described
by fields taking values in SU(2). In the static case they are maps from the one-point
compactification of the three dimensional space R3 ∪ {p} to SU(2). Since R3 ∪ {p} ' S3 '
SU(2), the field configurations can be classified by the degree of a map ϕ : S3 → S3, which
is an integer value called topological degree or winding number.
The low dimensional analogue of the Skyrme model is the so-called baby Skyrme model
(bS) (or planar Skyrme model), [3–8]. Like the original Skyrme model, it consists of a
quadratic and a quartic term in derivatives, but in this case the presence of a zeroth derivative
term (a potential) is followed by Derrick’s argument if we want to ensure topological stable
solutions. The target space manifold in the case of the bS model is S2 instead of SU(2)
and consequently, static configurations are maps from the one-point compactification of R2
to S2, and therefore they are classified, as in the original Skyrme proposal by a winding
number. This reduced model, thought as a planar analogue of the Skyrme model, with
similar topological properties can contribute to the understanding of the latter, but also
has its own applications in different areas in theoretical physics, for example in condensed
matter [9] and [10], or cosmology [11–13].
One interesting, less explored, facet of these models is the issue of supersymmetry. Some
years ago there were attempts to construct a supersymmetric version of a Skyrme-like model:
CP 1 Skyrme [14] and Faddeev-Skyrme [15]. In both cases the SUSY version proposed
contained terms with fourth time derivatives. More recently in [16] and [17] the first N = 1
and N = 2 SUSY extensions of baby Skyrme models were constructed, in [18] the SUSY
extension of the Faddeev-Skyrme model, in [22] the CP 1 Skyrme, and in [19] the SUSY
extension of the Skyrme model. Supersymmetric extensions of general theories containing
higher derivative terms were constructed in [20, 21]. It is also interesting to note that the
prototypical supersymmetric form of the N = 2 bS model has four dimensional analogues,
e.g. SUSY ghost condensates [23], cosmic strings [24], higher derivative supergravity [25]
and SUSY galileons [26]. In these cases, the N = 1 SUSY action consists of a quadratic
term in superfields (the trivial Ka¨hler potential in four dimensions) plus a quartic term
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in superderivatives, which corresponds to the action of the bS model after dimensional
reduction (note that in the reduction the supersymmetry is enlarged from N = 1 to N = 2).
Regarding the bS model, SUSY provides a natural way of introducing fermions. Once
we have the SUSY version of a given model (the one which reduces to the model on its
bosonic sector) we have at the same time the fermionic sector by the same price. But
the SUSY extension of noncanonical kinetic terms (i.e. with more than two derivatives) is a
nontrivial issue, and, even with the superfield formulation at hand, the study of the fermionic
sector can be extremely complicated (see for example [24] for the explicit calculation of the
fermionic sector of a fourth superderivative term). Maybe because of this reason the study
of the fermions in these noncanonical models (in particular de bS), remains not too much
developed. It is the main purpose of this work to give the first steps in the analysis of the
fermions in the bS model.
This work is organized as follows. In Sec. II we present the full bS model and its BPS
restriction [the so-called BPS baby Skyrme model (BbS)]. In Secs. III and IV we discuss
the SUSY version of the model (obtained in [17]) and some considerations relating SUSY
and BPS equations are treated. In Sec. V we calculate the fermionic sector and in Sec.
VI we exploit the supersymmetry of the model to obtain the fermionic zero modes in the
background of the BPS solitons. In Sec. VII we show explicit examples and in Sec. VIII
we discuss the consequences of a D-term deformation. Finally Sec. IX is devoted to our
summary. We add also three appendices with notation and conventions, a brief discussion
with other SUSY extensions and some considerations about the existence of compactons in
models with D-terms.
II. THE MODEL
The Lagrangian of the baby Skyrme (bS) model can be written as the sum of three terms
LbS = L2 + L4 + L0 (1)
where the subindex indicates the number of derivatives. The quadratic term corresponds to
the usual O(3) sigma model in three dimensions
L2 = λ2
4
∂µ~φ∂
µ~φ. (2)
3
The field ~φ is a three component vector in S2. The potentials we are interested in depend
only on the third component of the field, therefore L0 = −λ0V(φ3). Finally, the fourth
derivative term can be expressed as
L4 = −λ4
8
(
∂µ~φ× ∂ν~φ
)2
. (3)
The model possesses a Bogomol’nyi bound given by the topological charge, and also
solutions saturating the bound when the O(3) term is absent [30]-[32]. The later situation
defines the so-called BPS baby Skyrme model (BbS)
LBbS = −λ4
8
(
∂µ~φ× ∂ν~φ
)2
− λ0V(φ3). (4)
We can rewrite the Lagrangian in terms of the complex field u after solving the constraint
on ~φ with the stereographic map
~φ =
1
1 + |u|2
(
u+ u¯,−i (u− u¯) , 1− |u|2) . (5)
Taking λ4 = λ0 = 1, the Lagrangian takes the following form in the new variables
LBbS = − 1
(1 + uu¯)4
(
(∂µu∂
µu¯)2 − (∂µu)2 (∂ν u¯)2
)− V (uu¯) . (6)
These complex variables provide a more natural relation with the chiral superfields in the
N = 2 formulation of the model. One interesting feature of the model is that it has either
nontrivial solutions with infinite and finite support (compactons) [30], which we will analyze
in the context of the supersymmetric model. In the symmetric ansatz u = einϕf(r) we have
to impose the following boundary conditions
f(r = 0) =∞, f(r = R) = 0 and f ′(r = R) = 0 (7)
where R stands for the size of the compacton (R = ∞ for noncompact solutions). We will
see in the next section that these conditions can determine the breaking/preservation of a
fraction of supersymmetry inside/outside of the defect solution.
III. SUPERSYMMETRIC BABY SKYRME MODEL
The first N = 1 supersymmetric extension of the bS was proposed in [16]. If we de-
mand one supersymmetry the quartic term can be supersymmetrized independently, and
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this implies in particular that both bS and BbS models possess at least an N = 1 extension.
The situation becomes more interesting if we demand two supersymmetries. First of all,
in three dimensions and with two supersymmetries, there are chiral and antichiral complex
superfields (in this dimension, the N = 1 superfield formulation does not allow for such
an object), so a natural guess for our superfield action is given by (see Appendix A for
conventions)
Lkin =
∫
d4θK(Φ,Φ†) +
∫
d4θH(Φ,Φ†)DαΦDαΦD¯β˙Φ†D¯β˙Φ
† (8)
and
Lpot =
∫
d2θW (Φ) + H.c. (9)
The first term in (8) is a Ka¨hler potential and it generates the usual nonlinear σ-model
term. The second term generates a fourth derivative term and (9) stands for the usual
prepotential term. We will see later that the presence of Lpot leads to an action with exotic
dynamics (which does not correspond to the BbS model). It could seem that, neglecting
the prepotential term, we have no chance to generate a potential in the bosonic sector, and
thus breaking the stability of the model. We will see that this is in fact not true. After
integration in the Grassmann coordinates in (8) and switching off fermions we get [17]
Lboskin = g(u, u¯)
(
∂µu∂µu¯+ FF¯
)
+ h(u, u¯)
(
(∂µu)
2(∂ν u¯)
2 + 2FF¯∂µu¯∂µu+
(
FF¯
)2)
(10)
where g(u, u¯) in the Ka¨hler metric coming from the Ka¨hler potential:
g(u, u¯) =
∂2
∂Φ∂Φ†
K(Φ,Φ†)|θ=θ¯=0 (11)
and
h(u, u¯) = H(Φ,Φ†)|θ=θ¯=0. (12)
It remains to eliminate the auxiliary field F . The trivial solution F = 0 leads to a
σ-model term plus a quartic term (which does not correspond to the bS or BbS models).
Fortunately there is one extra solution
F = eiη
√
−∂µu∂µu¯− g(u, u¯)
2h(u, u¯)
(13)
where η is an arbitrary phase [note that the Lagrangian (10) is invariant under the replace-
ment F → eiηF ]. Plugging this solution into (10) we obtain
Lboskin = h(u, u¯)
(
(∂µu)
2(∂ν u¯)
2 − (∂µu¯∂µu)2
)− g(u, u¯)2
4h(u, u¯)
(14)
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after the choice h(u, u¯) = 1/(1 + uu¯)4 we arrive at the Lagrangian of the BbS model with
potential
V(u, u¯) = 1
4
g(u, u¯)2(1 + uu¯)4. (15)
Three observations are in order. First, the potential of the model is completely determined
by the Ka¨hler metric coming from the σ-model part, so, no need for introducing a chiral
prepotential. Second, the non-trivial solution for F (13) eliminates the quadratic term from
the action, and therefore we are free to choose the Ka¨hler potential K, without changing
the kinetic terms. Third, it seems that the model including the quadratic term does not
allow for two supersymmetries since the σ-model term was ”eaten” by the auxiliary field F ,
however, we will see later that other N = 2 supersymmetric extensions of the bS exist.
IV. BPS EQUATION AND SUPERSYMMETRY
The energy functional of the model can be written as follows:
E =
∫
d2x
(
(∂iu∂
iu¯)
2 − (∂iu)2 (∂ju¯)2
(1 + uu¯)4
+ V(u, u¯)
)
. (16)
For our future purposes it is more convenient to write the energy functional in the fol-
lowing way
E =
1
4
∫
d2x
((|∂u|2 − |∂¯u|2)2
(1 + uu¯)4
+ 4V(u, u¯)
)
(17)
where ∂ is the holomorphic derivative defined by ∂ = ∂1 + i∂2. We can split (17) into a
square and other term
E =
1
4
∫
d2x

((|∂u|2 − |∂¯u|2)
(1 + uu¯)2
± 2
√
V(u, u¯)
)2
∓ 4
√
V (u, u¯)
(|∂u|2 − |∂¯u|2)
(1 + uu¯)2
 , (18)
therefore
E ≥ ∓4pi
∫
d2x
√
V (u, u¯)Q, Q =
1
4pi
(|∂u|2 − |∂¯u|2)
(1 + uu¯)2
(19)
(Q is the topological charge density). The expression for the BPS equation can be read from
(18) and after some manipulations we get
∂u = eiη
√√
V (u, u¯) (1 + uu¯)2 +
1
2
(|∂u|2 + |∂¯u|2) (20)
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where η is an arbitrary phase [note that the Lagrangian (10) is invariant under U(1) global
transformation on both u and F fields]. We can write (20) in a more suggestive way taking
into account the on-shell solution for the auxiliary field (13) in the supersymmetric version
of the model:
∂u = eiη
′
F. (21)
This expression can be obtained directly from SUSY transformations of the fermions
δψα = ∂αα˙u ξ¯α˙ + Fξ
α (22)
and its conjugate. We use ∂αα˙ = σ
1
αα˙∂1 + σ
3
αα˙∂2 (static regime). Therefore preservation of
(a fraction of) supersymmetry is equivalent to the condition
δψα|on-shell = 0 (23)
for some constant spinors ξ, ξ¯. Since we have four supersymmetric generators (N = 2), the
fraction of supersymmetry which is preserved by BPS solutions will be given by dim Ker(δ).
The condition (23) can be expanded as follows
+
1
2
(
σαβ˙1 + iσ
αβ˙
3
)
∂u ξ¯β˙ −
1
2
(
σαβ˙1 − iσαβ˙3
)
∂¯u ξ¯β˙ + Fξ
α = 0. (24)
In the light of (24) we deduce immediately the following Killing conditions for the super-
symmetric parameters(
σαβ˙1 − iσαβ˙3
)
ξ¯β˙ = 0 and
1
2
(
σαβ˙1 + iσ
αβ˙
3
)
ξ¯β˙ = −eiη
′
ξα (25)
The constraints (25) reduce the dimensions of the static superspace from (2|4) to (2|1),
or equivalently dim Ker(δ)|on-shell = 1 and therefore, solutions satisfying (21) are 1/4 su-
persymmetric. This can be confirmed by calculating the eigenvalues of the operator δ. We
obtain the following results
λ±1 = ReF ±
√
∂¯u∂u¯− Im2 F (26)
λ±2 = ReF ±
√
∂u∂¯u¯− Im2 F . (27)
If we substitute (21) in (26) and (27) the only vanishing eigenvalue is λ−2 which implies
Rank δ|on-shell = 3 ⇔ dim Ker(δ)|on-shell = 1. This result holds for generic solutions of the
BPS equation, but we will see that, in the case of compactons, supersymmetry is restored
out of the defect.
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V. FERMIONIC SECTOR
Despite the apparent simplicity of the bosonic sector of the model, the analysis of the
fermionic sector is highly nontrivial, even if we consider the Lagrangian up to quadratic
order in the fermionic field. The first contribution is very well known and corresponds to
the usual N = 2 supersymmetric nonlinear sigma model. After integration we get
L2 =
∫
d2θd2θ¯K(Φ,Φ†) = g(u, u¯)
(
∂µu∂µu¯− i
2
ψσµDµψ¯ + i
2
Dµψσµψ¯ + FF¯
)
+O(ψψ¯)2
(28)
where g(u, u¯) is the Ka¨hler metric and Dµ is the covariant derivative defined by
Dµ = ∂µ + Γ
u
uu∂µ, Γ
u
uu = g
−1(u, u¯)∂ug(u, u¯). (29)
We can split the quartic term according to the number of derivatives on the function
H(Φ,Φ†). The term involving zero derivatives takes the following form
L04 = h(u, u¯)
(
(∂µu)
2(∂ν u¯)
2 + 2FF¯∂µu∂ν u¯+ (FF¯ )
2 +
i
2
ψσµψ¯ (u¯,µu− u,µu¯)
− i
2
ψσµψ¯,νu,µu¯,ν − iψ,µσνψ¯u,µu¯,ν − i
2
ψσµσ¯ρσνψ¯,νu,µu¯,ρ +
i
2
ψ,νσ
ν σ¯µσρu,µu¯,ρ
+Fuψ¯ψ¯ + 1
2
Fu,µ∂
µ(ψ¯ψ¯) + F¯u¯ψψ + 1
2
F¯ u¯,µ∂
µ(ψψ)
+
1
2
Fu,µ
(
ψσ¯µσνψ¯,ν − ψ¯,ν σ¯µσνψ¯
)
+
1
2
F¯ u¯,µ (ψ,νσ
ν σ¯µψ − ψσν σ¯µψ,ν)
+
3i
2
FF¯
(
ψ,µσ
µψ¯ − ψσµψ¯,µ
)
+
i
2
ψσµψ¯
(
FF¯,µ − F¯F,µ
)
+O(ψ)3
)
. (30)
The remaining terms involving one and two derivatives with respect to the function
h(u, u¯) are rather cumbersome and not very enlightening for our purposes. If we denote L14
and L24 these two terms then the full Lagrangian is
L = L2 + L04 + L14 + L1†4 + L24. (31)
If we switch off fermions in (31) and take the nonzero solutions for F the resulting
Lagrangian corresponds to the BbS model as we discussed above. It seems also that in
the full model the auxiliary field becomes dynamical and satisfies a first order differential
equation as we can see from the last term of (30). Moreover, we cannot even ensure that the
solution F = 0 satisfies the equation of motion due to the linear terms in F which show up
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in the fermionic sector. It seems therefore that the study of fermions in the model remains
intractable by brute force. Fortunately we can exploit the supersymmetry of the model to
obtain some information about fermion zero modes from the study of bosonic solutions as
we show in the next section.
VI. ZERO MODES
Let us define the following spinors in terms of the original Grassmann parameters of the
supersymmetric transformations:
ηα = −1
2
(
σαβ˙1 − iσαβ˙3
)
ξ¯β˙ (32)
ρα = +
1
2
(
σαβ˙1 + iσ
αβ˙
3
)
ξ¯β˙ + e
iη′ξα. (33)
In terms of the new variables the conditions (25) can be written simply as ρα = ηα = 0
and the supersymmetric transformations of the fermions as
δψα = ρα∂u+ ηα∂¯u+
(
eiη∂u+ F
)
ξα (34)
The on-shell BPS transformation verifies
δψα|BPS = ρα∂u+ ηα∂¯u (35)
It is important to note that the spinors ρα and ηα have two and one Grassmannian
degrees of freedom, respectively, once ξα is absent in (35). As a consequence, the fermionic
zero modes in the background on the BPS solution will have three degrees of freedom
(corresponding to the three broken supercharges)
ηα = −1
2
χ
1
i
 , χ = iξ¯1˙ − ξ¯2˙ (36)
ρα = −1
2
ζ1
ζ2
 , ζ1 = −iξ¯1˙ − ξ¯2˙ − 2eiηξ1, ζ2 = ξ¯1˙ + iξ¯2˙ − 2eiηξ2. (37)
See for example [27–29] for the explicit calculation of fermionic zero modes in different
models. We can split the fermionic zero modes into three elements12χ
1
i
 ∂¯u, 1
2
ζ1
0
 ∂u, 1
2
 0
ζ2
 ∂u
 . (38)
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Now if we assume the symmetric ansatz u = f(r)einϕ for the BPS solutions we obtain:
δψα|BPS = ρα e
i(n+1)ϕ (rf ′(r)− nf(r))
r
+ ηα
ei(n−1)θ (rf ′(r) + nf(r))
r
(39)
and for the zero modes

1
2
χ
1
i
 ei(n−1)θ(rf ′(r)+nf(r))
r
1
2
ζ1
1
0
 ei(n+1)ϕ(rf ′(r)−nf(r))
r
1
2
ζ2
0
1
 ei(n+1)ϕ(rf ′(r)−nf(r))
r

(40)
The expression (40) has the following interesting consequence. Let us take a BPS solution
satisfying the boundary conditions (7) with R = ∞, i.e. an infinitely extended BPS baby
Skyrmion. Under this assumption δψα|BPS 6= 0 unless ρα = ηα = 0 therefore, it preserves
only 1/4 supersymmetry in R2, as pointed out above, and the fermionic zero modes (40)
exist throughout space. But if we take a compacton, since f ′(r) = 0 and f(r) = 0, r ≥ R,
the transformation of the fermions also vanishes in the region r ≥ R and fermionic zero
modes and partial breaking of SUSY are confined to the defect core. In the following section
we study explicit examples.
VII. COMPACTONS AND COMPACT FERMIONS
Following [30] we introduce the following field variable g with respect to the symmetric
ansatz
1− g = 1
1 + f 2
. (41)
The boundary conditions (7) in the new variable read
g(r = 0) = 1, g(r = R) = 0 and g′(r = R) = 0. (42)
If we consider the potential term
V(u, u¯) =
(
uu¯
1 + uu¯
)s
(43)
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the corresponding Ka¨hler potential for the supersymmetric version of the model takes the
form
K(Φ,Φ†) = 8
(ΦΦ†)
s+2
2
(s+ 2)2
2F1
(
s+ 2
2
,
s+ 2
2
,
s+ 4
2
,−Φ†Φ
)
. (44)
Note that to obtain the expression (44) we only need to integrate the Ka¨hler metric
(given by the form of the potential) twice with respect to the holomorphic/antiholomorphic
field variables and replace them with the chiral/antichiral superfields. The compact BPS
solutions which correspond to the potential (43) are given by the following expression
g(r) =
(1−
r2
R2
)
2
2−s , 0 ≤ r ≤ R
0, r ≥ R
(45)
where s ∈ (1, 2) and the compacton boundary is given by
R2 =
4n
2− s. (46)
Returning to the variable f we obtain for n = 1
f(r) =

(
1− r2
R2
) 1
2−s√
1−
(
1− r2
R2
)− 2s−2 , 0 ≤ r ≤ R
0, r ≥ R
(47)
and
f ′(r) =

− 2r
(
1− r2
R2
) 1
2−s
(s−2)(r2−R2)
(
1−
(
1− r2
R2
)− 2s−2)3/2 , 0 ≤ r ≤ R
0, r ≥ R.
(48)
In Fig. 1 we show the profile functions for different values of the exponent s. The
curves in the upper half plane show f(r) (the BPS compact solitons), while in the lower
half plane are depicted the profiles of the fermionic zero modes which correspond to F (r) ≡(
f ′(r)± 1
r
f(r)
)
as can be seen in (40). As s approaches to the critical value s = 2 the
support of the compacton grows. Outside of this support fermionic zero modes do not exist
and full supersymmetry is recovered. For the value s = 2 the BPS solitons are exponentially
localized with infinite support, and therefore, fermionic zero modes are not confined to the
defect core, but they extend throughout R2 space. This analysis can be straightforwardly
generalized to a bigger family of potentials: nonsymmetric, vortex like... [30], but as long as
they allow for the existence of BPS solutions, the relation between the latter and fermionic
zero modes remains unchanged (40).
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BPS compact solitons
Fermionic zero modes
s=1.2 s=1.8
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Figure 1: BPS compact solitons and fermionic zero modes
VIII. EXOTIC MODELS WITH D- TERMS
In this section we add a D-term (prepotential) to our previous action. In terms of super-
fields the new Lagrangian can be written as follows
L =
∫
d4θK(Φ,Φ†)+
∫
d4θH(Φ,Φ†)DαΦDαΦD¯β˙Φ†D¯β˙Φ
†+
(
λ
∫
d2θW (Φ) + H.c.
)
. (49)
After integration we obtain in the bosonic sector
L = g(u, u¯) (∂µu∂µu¯+ FF¯)+ h(u, u¯)((∂µu)2(∂ν u¯)2 + 2FF¯∂µu¯∂µu+ (FF¯)2)+
+ λFW ′(u) + λF¯ W¯ ′(u¯). (50)
Now the equations of motion are cubic and the solutions, given by Cardano formulae are
cumbersome. The equations of motion for the auxiliary fields take the following form
g(u, u¯)F + 2h(u, u¯)
(
F∂µu¯∂µu+ F (FF¯ )
)
+ λW¯ ′(u¯) = 0 (51)
g(u, u¯)F¯ + 2h(u, u¯)
(
F¯ ∂µu¯∂µu+ F¯ (FF¯ )
)
+ λW ′(u) = 0. (52)
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From (51) and (52) we arrive to the following relation between F and F¯
F¯ (i) =
W ′
W¯ ′
F (i). (53)
After reinserting this relation into (51) and expanding for λ ∼ 0 we obtain three different
branches
F (1) = −λ W¯
′
g(u, u¯) + 2h(u, u¯)u,µu¯,µ
+O(λ2) (54)
F (2) = −
√
W¯ ′
W ′
√
− g(u, u¯)
2h(u, u¯)
− u,µu¯,µ + λ
2
W¯ ′
g(u, u¯) + 2h(u, u¯)u,µu¯,µ
+O(λ2) (55)
F (3) =
√
W¯ ′
W ′
√
− g(u, u¯)
2h(u, u¯)
− u,µu¯,µ + λ
2
W¯ ′
g(u, u¯) + 2h(u, u¯)u,µu¯,µ
+O(λ2) (56)
where u,µ ≡ ∂µu. After substituting these values in (50) we arrive at the following La-
grangians
L(1) = g(u, u¯)u,µu¯,µ + h(u, u¯)(u2,µ)(u¯,ν)2 +O(λ2) (57)
L(2) = h(u, u¯) ((u,µ)2(u¯,ν)2 − (u,µu¯,µ)2)− g(u, u¯)2
4h(u, u¯)
+2λ|W ′|
√
− g(u, u¯)
2h(u, u¯)
− u,µu¯,µ +O(λ2) (58)
L(3) = h(u, u¯) ((u,µ)2(u¯,ν)2 − (u,µu¯,µ)2)− g(u, u¯)2
4h(u, u¯)
−2λ|W ′|
√
− g(u, u¯)
2h(u, u¯)
− u,µu¯,µ +O(λ2). (59)
The first Lagrangian (57) gives the usual nonlinear sigma model term plus a fourth
derivative term, while the other two, (58) and (59) give the BbS model term plus a correction
in λ (those are connected with the nontrivial solutions of F which generate the BbS without
D term). Let us assume that these models possess also compacton solutions verifying the
boundary conditions (7) (see Appendix C). If these solutions with compact support are BPS
then all the discussion of Sec. VII holds, if not, from (34) (in the symmetric ansatz) we get
δψα = ρα
ei(n+1)ϕ (rf ′(r)− nf(r))
r
+ ηα
ei(n−1)θ (rf ′(r) + nf(r))
r
+ (60)(
ei(n+1)ϕ (rf ′(r)− nf(r))
r
+ F
)
ξα.
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Table I: SUSY transformation at the boundary
limr→R δψα
l > min(2− 2 , s) 0
l < min(2− 2 , s) ∞
l = min(2− 2 , s) Cξα
Let us consider now the branches F (2) and F (3), since they can be considered a pertur-
bation over the supersymmetric BbS model. Outside the defect, r > R only survives the
correction term in λ
δψα|r≥R = λ
2
W¯ ′
g(u, u¯) + 2h(u, u¯)u,µu¯,µ
ξα. (61)
Now we take the symmetric potential (43). Once the solution satisfies the boundary
conditions (7) the profile function must behave as follows close to the boundary
f(r) = β
(
r −R
R
)
(62)
for some  > 0. The expansion of (61) around the boundary of the defect leads to
δψα|r∼R = λW¯
′ (u¯)
4 (2β2R−2(r −R)2−2 + (βR−(r −R))s)ξ
α (63)
We see from (63) that the behavior of δψα depends on the choice of the prepotential W ′.
Let us assume that W ′ is a polynomial, and let l be the minor degree of its monomials.
Then
W ′(u¯) = mu¯l + higher powers (64)
and m a constant.
The behavior of (63) near the boundary of the compacton is summarized in Table I. In
the first situation supersymmetry is broken inside the compacton but is restored outside
(this situation corresponds to the one studied for the usual model if we consider non-BPS
solutions), the consequence of this is the confinement of the fermionic zero modes to the
defect. The second situation is forbidden since the transformation of the fermion diverges.
The third situation is more interesting. Here the constant C can take two values
C =
mλ
R2β−2/
42
e−ilnϕ, min(2− 2

, s) = 2− 2

mλ
4
e−ilnϕ min(2− 2

, s) = s.
(65)
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Since the values given in (65) are those taken at the boundary r = R, continuity of the
SUSY transformation in R2 implies
δψα|r≥R = C 6= 0. (66)
The consequence of this fact is that SUSY is not only broken inside the defect but in all
space, and therefore, the fermionic zero modes are no longer confined to the defect.
IX. SUMMARY
In this work we have studied the supersymmetric version of the BbS model. After a
brief introduction to the superfield formulation of the model, we have discussed the relation
between BPS equation and preservation of supersymmetry. We have found that generic BPS
solutions preserve 1/4 of supersymmetry, and therefore only one out of four supersymmetric
generators remains unbroken.
The fermionic sector of the model is rather cumbersome and contains derivatives of the
auxiliary field. This fact makes it difficult to solve the fermionic equations of motion exactly.
In order to circumvent this difficulty we have used the supersymmetric transformations
to obtain the fermionic zero modes. For BPS baby Skyrmions with compact support we
have shown that fermionic zero modes only exist inside the defect, while outside N = 2
supersymmetry is restored. However, if we add a D-term, we have shown that, even for
compact (not necessarily BPS) solutions, all supersymmetric generators are broken in R2
for an appropriate choice of the prepotential and therefore, fermionic zero modes are not
confined to the defect. This result is analogous to that obtained in [24] in four dimensions
for supersymmetric cosmic strings with higher derivative terms.
We have also presented a general framework to obtain N = 2 versions from bosonic
theories based on a method first described in [18] for N = 1 four dimensional theories and
applied this result to the full bS model (Appendix B).
The generalization of these results to supersymmetric Skyrme like models in four dimen-
sions and the study of the corresponding index theorems relating zero modes is under current
investigation.
Acknowledgements.- The author would like to thank Profs. C. Adam and A.
Wereszczynski for useful comments and Dr. V. Emelyanov for reading the manuscript.
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Appendix A: Notation
In this appendix we introduce our notation and conventions for N = 2 supersymmetry
in three dimensions. We work with the mostly minus metric. We have four Grassmann
variables, two chiral, θα and two antichiral θ¯α˙, from which it is possible to construct the
superderivatives:
Dα =
∂
∂θα
+ iσµαα˙θ¯
α˙∂µ and D¯α˙ = − ∂
∂θ¯α˙
− iθασµαα˙∂µ. (A1)
The supersymmetric generators are equal to the superderivatives up to a sign
Qα =
∂
∂θα
− iσµαα˙θ¯α˙∂µ and Q¯α˙ =
∂
∂θ¯α˙
− iθασµαα˙∂µ. (A2)
The only nonvanishing anticommutators among supercharges and superderivatives are
the following
{Dα, D¯α˙} = −2iσµαα˙∂µ and {Qα, Q¯α˙} = −2iσµαα˙∂µ. (A3)
We chose the following Pauli matrices:
σ0 =
1 0
0 1
 , σ1 =
0 1
1 0
 and σ2 =
1 0
0 −1
 . (A4)
In three dimensions and with two supersymmetries it is possible to construct chiral and
antichiral superfields. A chiral superfield satisfies the constraint D¯α˙Φ = 0 and an antichiral
one DαΦ¯ = 0. The expansion in components of superfields satisfying the previous constraints
leads to
Φ = u+ iθσµθ¯∂µu+
1
4
θθθ¯θ¯u+
√
2θψ − i√
2
θθ∂µψσ
µθ¯ + θθF (A5)
Φ¯ = u¯− iθσµθ¯∂µu¯+ 1
4
θθθ¯θ¯u¯+
√
2θ¯ψ¯ +
i√
2
θ¯θ¯θσµψ¯ + θ¯θ¯F¯ (A6)
where u and F are complex fields and ψ a two component complex spinor (respect. u¯, F¯
and ψ¯).
Appendix B: Other supersymmetric versions
It was shown in [18] that any bosonic model with one supersymmetry in four dimensions
consisting of a complex scalar field possesses a supersymmetric extension. It is immediate
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to extend this result to N = 2 supersymmetry in three dimensions. The idea is quite simple
and it is based on the tricky structure of the quartic term in superderivatives. Let us start
with the following N = 2 supersymmetric Lagrangian
L =
∫
d2θd2θ¯K(Φ,Φ†) +
∫
d2θd2θ¯ΛDαΦDαΦD¯
β˙Φ†D¯β˙Φ
† (B1)
where Λ is a function depending on the superfields and its space-time derivatives and K is
the Ka¨hler potential. Let us define Λ0 = Λ|θ=θ¯=0. After the integration we can solve the
equation of motion for F in terms of the unknown function λ. We obtain two solutions
F = 0 and FF¯ = − g
2Λ0
− ∂µu∂µu¯. (B2)
Now we take one of the solutions, for example F = 0 (the procedure is exactly the same
if we take the other) and substitute it into the Lagrangian, now
L|on-shell = g ∂µu∂µu¯+ Λ0(∂µu)2(∂ν u¯)2. (B3)
We can determine the function Λ0 by forcing the on-shell Lagrangian to be equal to what-
ever we want, for example, the Lagrangian corresponding to the bS model (with quadratic
term) and potential V (u, u¯). We obtain
Λ0 = −V (u, u¯) + h(u, u¯) (∂µu∂
µu¯)2 − h(u, u¯)(∂µu)2(∂ν u¯)2
(∂µu)2(∂ν u¯)2
. (B4)
where h(u, u¯) = 1
(1+uu¯)4
. Now from the form of (B1) it is obvious that only the θ = θ¯ = 0
component of Λ survives in the bosonic sector, therefore, the function Λ we are looking for
is simply
Λ = −V (Φ,Φ
†) + h(Φ,Φ†)
(
∂µΦ∂
µΦ†
)2 − h(Φ,Φ†)(∂µΦ)2(∂νΦ†)2
(∂µΦ)2(∂νΦ†)2
. (B5)
In consequence, with this choice of Λ the Lagrangian (B1) constitutes an N = 2 version
of the full baby Skyrme model in the branch F = 0. We can repeat the same procedure in
the nontrivial branch to obtain another nonequivalent N = 2 version of the model.
Appendix C: Compactons in the D-deformed model
In this appendix we demonstrate the existence of solutions satisfying (66), i.e. compact
solutions allowing the fermionic zero modes to be nonzero outside their support. The addi-
tion of the D-term to the baby Skyrme action preserves N = 2 supersymmetry and therefore,
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we expect that the general form of the BPS equation (21) still holds. Let us expand the
solution (55) close to the vacuum (u = 0) in the symmetric ansatz
F (2) = f ′(r) +
f(r)s
2f ′(r)
+
mλ
2
f(r)l
f ′(r)2
+ (higher order terms). (C1)
The holomorphic derivative of the field u takes the form
∂u =
−nf(r) + rf ′(r)
r
. (C2)
We do not take care about phase factors in the expressions above since they can be
absorbed in the arbitrary phase of (21) (and they do not change the r-dependence of the
solutions). The behavior of the solution close to the vacuum determines if the solution
is compacton-like [33, 34]. If such a solution approaches to the vacuum in a powerlike
(positive) manner it has compact support. On the other hand, if it approaches to the vacuum
exponentially or negative power-like, we have solutions with infinite support (exponentially
localized or powerlike localized respectively). For simplicity we do not consider here the
situation when l = s (no compact solutions in this case). When l 6= s we can split (C1) into
two terms. Accordingly we can rewrite the BPS equation in the vicinity of the minimum of
the potential as follows
− nf(r)
r
=
f(r)s
2f ′(r)
, s < l (C3)
−nf(r)
r
=
mλ
2
f(r)l
f ′(r)2
, s > l. (C4)
The solution close to the vacuum has the following r-dependence
f(r) ∝
r
2
2−s s < l
r
3
3−l s > l
(C5)
In the first case we have compactons for s ∈ (0, 2) while in the second for l ∈ [0, 3)
(the s = 0 is removed since implies a constant potential). Note that if s < l the condition
l = min(2 − 2

, s) (Table I) implies that l = s and therefore cannot be fulfilled. The
consequence is that in this case, fermionic zero modes are confined to the support of the
compactons. Now for s > l, the previous condition can be fulfilled for l = 0, and therefore
from (65),
δψα|r≥R = mλ R
2
4β2
6= 0. (C6)
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The conclusion in that only linear prepotentials can generate compact solutions, such that
the corresponding fermionic zero modes are not confined to the support of the compacton.
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